We classify rational, irreducible quartic symmetroids in projective 3-space. They are either singular along a line or a smooth conic section, or they have a triple point or a tacnode.
The greatest discrepancy among the associated systems occurs for cones. Indeed, suppose that S is defined by a matrix A involving a variable x i that does not appear in det(A). Then S is also given by the matrix A defined as A with x i = 0. The linear system of quadrics induced by A has lower dimension than the system induced by A.
Different matrix representations can also give rise to different systems that have the same dimension. For instance, Example 9.6 shows a symmetroid with two representations, where the rank-2-locus of the symmetroid differs for the two representations.
Our abuse of notation is justified by the fact that we only use properties that hold for all associated linear systems of quadrics that have the same rank-k-loci.
Recall that the dimension of the Grassmannian (k, n) of k-dimensional, linear subspaces of ℙ n is given by dim (k, n) = (k + 1)(n − k). Consider ℙ 9 as the space of all quadrics in ℙ 3 . By relating a symmetroid S with W(S), quartic symmetroids in ℙ 3 correspond to linear subspaces W ⊂ ℙ 9 with dim(W) ⩽ 3. Since dim (3, 9) = 24 by (2.2), the symmetroids form a 24-dimensional variety in the ℙ 34 of all quartic surfaces. Let D d be the discriminant of the space ℙ N := ℙ ( d+2 2 )−1 of all quadrics in ℙ d . The rank-2-locus X 2 of D 3 is a sixfold of degree 10, and the rank-1-locus X 1 is a threefold of degree 8. Bézout's theorem implies that a generic linear 3-space in ℙ 9 intersects X 2 in ten points and avoids X 1 . A generic quartic symmetroid has therefore ten rank-2-points, which are nodes, and no rank-1-points. Moreover, Sing(D 3 ) = X 2 , so it has no other singularities.
Lemma 2.4 below is a well-known fact that is used repeatedly in our exposition. The different parts of the lemma can for instance be found in [6 
is a point such that Q is a singular quadric with a singularity at p ∈ B, then the discriminant D is singular at [Q]. If [Q] is a rank-d-point such that D is singular at [Q], then p ∈ B.
We will need some special properties of 1-dimensional linear systems of quadrics: Lemma 2.5. Let P be a pencil of rank-2-quadrics in ℙ n , with n ⩾ 2. The base locus of P consists of a hyperplane H and a linear subspace L ̸ ⊂ H having codimension 2.
Proof. The base locus of a general pencil generated by two rank-2-quadrics is the union of four linear subspaces of codimension 2. Bertini's theorem implies that a general member of the pencil is smooth outside of the base locus. In the case of P, where all members have rank 2, it follows that the quadrics share a common singular subspace L of codimension 2. Projecting from L defines a pencil of quadrics in ℙ 1 . If the pencil does not have a base point, then it contains at least one double point, implying that P contains a rank-1-quadric. If it does have a base point, then all quadrics in P share a hyperplane H. If H ∪ H 1 and H ∪ H 2 are two generators of P, then L := H 1 ∩ H 2 is contained in the base locus of P. Since P does not contain a rank-1-quadric, L ̸ ⊂ H. 2 Lemma 2.6. Let P be a pencil of quadrics in ℙ 3 . Assume that a general quadric in P has rank 3. Then one of the following is true:
1. The quadrics in P have a common singular point, and the rank-2-locus of P is a scheme of length 3.
The quadrics in P have a common tangent plane that is tangent along a line in each quadric in P, and P contains a unique rank-2-quadric.
Proof. Assume that the quadrics share a common singular point. Projecting from the singularity gives a pencil P of conics in ℙ 2 . Since P is not a pencil of rank-2-quadrics, P is not contained in the cubic discriminant D 2 ⊂ ℙ 5 . Hence P intersects D 2 in a scheme of length 3.
Assume that the quadrics do not share a singularity. It follows from Lemma 2.4 and Bézout's theorem that the line L between the singular points of any two rank-3-quadrics is contained in the base locus of P. Furthermore, this is the only line in the base locus, so every quadric in P is singular in a point on L. Thus the base locus is singular along L, meaning it contains the intersection of each quadric in P with their tangent plane along L. This tangent plane is therefore common to all the quadrics. Since the quadrics in P do not have a common singular point, a rank-2-quadric in P cannot be singular along L. On the other hand, the common tangent plane along L is a component in a quadric in P, which is the unique rank-2-quadric in P.
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The following simple observation is useful for excluding possible symmetroids: Lemma 2.7. Let S ⊂ ℙ n be a quartic symmetroid and assume that the base locus of W(S) contains a curve C. Then S is reducible.
Proof. The base locus of W(S) is an intersection of quadrics in ℙ 3 . Hence C has either a line, a smooth conic section, a twisted cubic curve or an irreducible quartic curve as a component. Let P ⊂ W(S) be a general pencil. Suppose that C contains a line L. Then the base locus of P is the union of L and a twisted cubic curve, hence it has two singular points. Thus P intersects the discriminant of W(S) in only two points, since otherwise the base locus of P would contain more singularities. Hence S is a double quadric.
If C contains a twisted cubic curve, then dim W(S) ⩽ 2. Moreover, the other component in the base locus of P is again a line. By the previous case, S is a double quadric.
Suppose that C contains a smooth conic section K. In the restriction of P to the plane spanned by K, one of the members is the entire plane. Hence P contains a rank-2-quadric and therefore only three singular quadrics. This can only be if S is the union of a quadric and a double plane.
Finally, a quartic curve Q is the intersection of two quadrics, so dim W(S) ⩽ 1. If C contains Q, then the equation for S is defined by only two variables. It follows that S is the union of four planes.
We isolate the result from the first part of the proof of Lemma 2.7 for easy reference: Lemma 2.8. Let P be a linear space of quadrics and suppose that the base locus of P contains a line. Then the discriminant of P is a square.
Quartic symmetroids with a double line
Let p 1 , . . . , p 9 ∈ ℙ 2 be nine points that are not the complete intersection of two cubic curves. Consider the linear system d of quartic curves passing twice through p 1 and once through each of the points p 2 , . . . , p 9 . Let φ : ℙ 2 ℙ 3 be the map induced by d. The image φ(ℙ 2 ) ⊂ ℙ 3 is a quartic surface with a double line. Any quartic surface S ⊂ ℙ 3 with a double line arises this way; see [7, Article 79] . Consequently, S is rational.
For a quartic symmetroid S with a double line L, there are two possible scenarios: The points along L are either generically rank-3-points, or they are all rank-2-points. We show that if S is a generic symmetroid with a double line containing rank-3-points, then S has four rank-2-points outside of L and no further singularities. The family of such symmetroids is 21-dimensional. Likewise, we show that if S is a generic symmetroid with a line of rank-2-points, then it has six rank-2-points outside of L. Symmetroids of this type form a 19-dimensional family. 
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The connection between symmetroids with a line of rank-2-points and webs of quadrics with four coplanar base points is also true in the other direction: 3 . Hence four coplanar points in ℙ 3 correspond to a point in ℙ 3 × ℙ 3 × ℙ 3 × ℙ 2 , which is an 11-dimensional space. There are points in ℙ 3 × ℙ 3 × ℙ 3 × ℙ 2 that do not correspond to four general, coplanar points, since the same point in ℙ 3 is taken more than once or since the points are not in a general position. However, excluding these exceptions does not affect the dimension. By (2.2), the Grassmannian (3, 5) of linear 3-spaces in the ℙ 5 of quadrics through p 1 , p 2 , p 3 and p 4 is 8-dimensional. In total, the family of quartic symmetroids with a line of rank-2-points has dimension 11 + 8 = 19.
The symmetroids with a line of rank-2-points only make up a small fraction of the quartic symmetroids with a double line: Consider the variety X of quartics with two nodes. Requiring the line spanned by the nodes to be singular imposes three more conditions. Hence the codimension of such surfaces is 3 in X. In the case of symmetroids, this gives dimension 24 − 3 = 21. For a more rigorous treatment:
Proof. Let S be a quartic symmetroid with a double line L. The case where L consists of only rank-2-points is covered by Proposition 3.4. Assume therefore that L contains a rank-3-point [Q] . Let p be the singular point of Q. Then Lemma 2.4 implies that p is a base point for W(S).
Consider the ℙ 8 of all quadrics through p, and let D be its discriminant. It imposes three conditions to require that a quadric passing through p is singular at p. Hence the set X p ⊂ ℙ 8 of all quadrics in ℙ 3 that are singular at p is a linear 5-space. By Lemma 2.4, X p is contained in Sing(D). Let W ⊂ ℙ 8 be a linear 3-space that intersects X p in a line. Then the discriminant of W is a quartic symmetroid with a double line.
By (2.3), the set of 3-spaces in ℙ 8 that meet X p in a line is 18-dimensional. In total, we obtain a 21-dimensional family of quartic symmetroids with a double line, by letting the base point p be arbitrary in ℙ 3 .
The construction from the proof of Proposition 3.5 allows us to determine the number of extra singularities: . Furthermore, we have that X p = V(x 01 , x 02 , x 03 ) and the rank-2-locus X 2 of D is a fivefold of degree 10.
Using this explicit description, we compute that the tangent space at a general point in X 2 is 5-dimensional, but the tangent space at a point in X 2 ∩ X p is 6-dimensional. In fact, Sing(X 2 ) = X 2 ∩ X p set-theoretically. Since L ⊂ X p , it contains in general three rank-2-points, p 1 , p 2 and p 3 . This can be seen either from the matrix A or from Lemma 2.6. The web W(S) ⊂ ℙ 8 intersects the three tangent spaces T p i X 2 in a line each. Thus the intersection multiplicity of W(S) and X 2 is at least 2 at each of the points p 1 , p 2 and p 3 . Since W(S) ∩ X 2 has length 10, it follows that W(S) meets X 2 in at most four points outside of L. Moreover, the intersection multiplicity of W(S) and X 2 is generically 2 at the points p 1 , p 2 and p 3 . This proves the claim. 
Quartic symmetroids with a double conic section
Let S be an irreducible quartic surface S ⊂ ℙ 3 with a double conic. Then S can be realised as the projection of a quartic del Pezzo surface P ⊂ ℙ 4 ; see [4, Theorem 8.6.4] . Consequently, S is rational.
We show that if S is an irreducible quartic symmetroid with a double conic C, then there are no rank-3-points on C. Furthermore, if S is a generic symmetroid with a double conic, then it has four rank-2-points outside of C.
Proposition 4.1. Let S ⊂ ℙ 3 be an irreducible quartic symmetroid that is double along a smooth conic section C. Then C is contained in the rank-2-locus of S.
Proof. Assume for contradiction that C is not contained in the rank-2-locus of S. A generic point [Q 1 ] ∈ C is then a rank-3-node. By Lemma 2.4, the singular point p of Q 1 is a base point for W(S). If [Q 2 ] ∈ C is another point such that Q 2 is singular at p, then all the quadrics in the pencil ⟨Q 1 , Q 2 ⟩ are singular at p. By Lemma 2.4, the line L spanned by [Q 1 ] and [Q 2 ] is contained in Sing(S). Since C is smooth, L is not a component of C. Let H be the plane spanned by C. The intersection of H and S contains at least L and two times C, so H must be a component in S. This contradicts the irreducibility of S. In conclusion, the different rank-3-nodes on C give rise to different base points of S. Hence, the base locus of W(S) contains a curve. Lemma 2.7 implies that S is reducible, which is impossible. Proof. Let N be the net of quadrics corresponding to the plane spanned by C, and let Q := H 1 ∪ H 2 ∈ N be a quadric corresponding to a point on C. Restricting N to the plane H i defines a pencil P i of conics. Each line in N through Q is collapsed to a point in P i . For each point in P i , we can find a representative Q := H 1 ∪ H 2 ∈ C for the corresponding line. Hence P i is a pencil of line pairs L i ∪ L i . Since there are no smooth conic sections in P i , it follows from Lemma 2.5 that the base locus of P i must contain a line, say L i . Then L 1 and L 2 are contained in the base locus of N. The web W(S) is generated by N and a quadric K ̸ ∈ N. Generically, K intersects L 1 and L 2 in two points each, so W(S) has four general base points.
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Remark 4.4.
There is no analogue to Lemma 3.2 for conic sections. Let W be a web of quadrics with four general base points. Generically, the discriminant of W does not contain a conic section of rank-2-points.
Indeed, consider the ℙ 5 of quadrics containing the four general points p 1 , p 2 , p 3 , p 4 ∈ ℙ 3 and let D be its discriminant. We shall describe the rank-2-locus of D. Let H ⊂ ℙ 3 be the plane spanned by three of the points, p i , p j and p k , and let H l ⊂ ℙ 3 be a plane containing the remaining point p l . The union of H and H l is a rank-2-quadric passing through the four base points. The set X l of all such unions forms a plane in ℙ 5 . Hence there are four planes, X 1 , X 2 , X 3 and X 4 , in the rank-2-locus of D. In addition, the rank-2-locus of D contains the three quadratic surfaces X 12 , X 13 and X 14 , as described in the proof of Lemma 3.2. In total, the rank-2-locus of D is a surface of degree 10. By Bézout's theorem, a generic linear 3-space W ⊂ ℙ 5 contains 10 rank-2-points. Hence, W must be in a special position in order to contain a conic section of rank-2-points.
We can still deduce the number of additional rank-2-points for a general quartic symmetroid with a double conic: Proposition 4.5. Let S ⊂ ℙ 3 be a general quartic symmetroid with a smooth conic section of rank-2-points. Then S has four additional rank-2-nodes.
Proof. We continue with the notation from Remark 4.4. The union of H and a plane containing the line spanned by p l and p k is a quadric that lie in X l ∩ X ij . The intersection X l ∩ X ij is the line L l of all such quadrics. Suppose that W(S) ⊂ ℙ 5 intersects X 12 in a conic section C. Generically, W(S) intersects the quadratic surfaces X 13 and X 14 in two points each, and the planes X l in a point each. Since the lines L l meet C in a point, W(S) does not intersect X l outside of C. Hence, W(S) has generically four isolated rank-2-points.
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We can count the number of symmetroids with a double conic: Proposition 4.6. The family of quartic symmetroids with a double smooth conic section is 17-dimensional.
Proof. As in the proof of Proposition 4.5, a quartic symmetroid with a double smooth conic section corresponds to a linear 3-space W ⊂ ℙ 5 that intersects X 12 in a conic section. This is the same as saying that W intersects the ℙ 3 spanned by X 12 in a plane. It follows from (2.3) that the family of 3-spaces that intersect X 12 in a conic is 5-dimensional.
The calculation above shows the number of linear systems, with a conic section of rank-2-points, having fixed base points p 1 , p 2 , p 3 and p 4 . A choice of base points corresponds to a point in ℙ 3 × ℙ 3 × ℙ 3 × ℙ 3 , which is 12-dimensional. In total, the family of quartic symmetroids with a double conic has dimension 5 + 12 = 17. 2
Quartic symmetroids with a double twisted cubic curve
An irreducible quartic surface with a double twisted cubic curve T is a scroll. Indeed, every nonsingular point on the surface lies on a unique secant line of T, which intersects the quartic with multiplicity greater than 4. Hence the secant line is contained in the surface. All quartic symmetroids with a double twisted cubic curve are reducible: Proposition 5.1. Let S ⊂ ℙ 3 be an irreducible quartic surface with a double twisted cubic curve T. Then S is not a symmetroid.
Proof. Assume for contradiction that S is a symmetroid. Then there are two cases: The points on T are either generically rank-3-points or they are all rank-2-points.
Suppose that there are only finitely many rank-2-points on T. Let p 1 , p 2 ∈ T be two rank-3-nodes and assume that the associated quadrics of p 1 and p 2 have a common singular point p. Then Lemma 2.4 implies that p is a base point for W(S). All the associated quadrics on the line L spanned by p 1 and p 2 are singular at p. By Lemma 2.4, L is contained in Sing(S). But then S is singular along a quartic curve, so S is reducible, which is a contradiction. We conclude that the associated quadrics of p 1 and p 2 have different apexes. It follows from Lemma 2.4 that T gives rise to a curve of base points for W(S), but this is impossible by Lemma 2.7.
Assume that T consists of rank-2-points. The Jacobian ideal of S defines T. Since S is a scroll, along a general line l in S, the Jacobian defines a scheme of length 2. However, l corresponds to a pencil of quadrics with rank 2 and 3. Lemma 2.6 implies that l contains a scheme of length 3 of rank-2-points. This contradicts the fact that the rank-2-locus is contained in the singular locus. 
Quartic symmetroids with a triple point
Let S ⊂ ℙ 3 be a quartic surface with a triple point p. Note that the projection π p : S \ {p} ℙ 2 from p is a birational map, so S is rational.
If p := [1 : 0 : 0 : 0], then the equation of S can be written as x 0 F 3 + F 4 = 0, where
] are polynomials of degree 3 and 4, respectively. The cubic cone C := V(F 3 ) intersects S in twelve lines, which meet at p. Let p 1 , . . . , p 12 ∈ ℙ 2 be the images of the these lines under π p . Then S can be represented as the image of the map induced by the linear system of quartic curves through the p i . Let e i be the linear equivalence class of the exceptional line over the point p i .
If S is a symmetroid, then the matrix defining S can be written as Consider a quartic surface S with a triple point and six nodes that do not lie on a conic section. Let p be one of the nodes. Jessop notes that the ramification curve R p breaks up into two cubics, each having a double point at the image of the triple point. They intersect at the images of the five remaining nodes. By Theorem 2.1, S is a symmetroid. This fact makes it straightforward to deduce the size of the family of symmetroids with a triple point: 
Quartic symmetroids with an elliptic double point
Let p be a normal singularity on a surface S, and let π :S → S be a minimal resolution of p. We say that p is an elliptic singularity if there is a curve of arithmetic genus 1 with support on the exceptional set E := π −1 (p). The elliptic singularity is called simple if E is nonsingular, see [12] , and minimal if every connected, proper subvariety of E is the exceptional set of a rational singularity, see [9] . The degree of p is −E⋅E, where E⋅E denotes the self-intersection number. The survey article [8] contains many references about elliptic singularities.
In [10] , Noether describes three classes, S
4 and S
4 , of rational quartic surfaces having an elliptic double point. These surfaces have minimal elliptic double points of degree less than or equal to 2. Noether expresses them by linear systems of plane curves and gives explicit equations for the surfaces. He proves that together with the quartic surfaces having a double curve or a triple point, these are the only rational quartic surfaces.
Urabe studies simple elliptic singularities in [13; 14; 15] . In particular, in [15] he considers a double cover of ℙ 2 branched along a sextic curve, and shows that quartic surfaces having a simple elliptic singularityẼ 8 of degree 1 are rational.
We show that of the surfaces in Noether's list, only S
4 can occur as a symmetroid. This is a surface with a minimal elliptic double point of degree 2. This singularity is called a tacnode by Jessop [7, Chapter VIII] . We prove that a general tacnodal symmetroid has six additional nodes.
The rational parametrisation of the surfaces S
4 is given by linear systems of plane curves passing through some base points p i on a cubic curve. Let e i be the linear equivalence class of the exceptional line over the point p i , and let l be the class of the pullback of a line in ℙ 2 . The linear systems can then be expressed as
4 :
e i − 2e 9 − e 10 .
The first linear system defines a surface with an elliptic singularity of degree 2 and the last two define elliptic double points of degree 1, since they are blow-ups of 11 and 10 points on a cubic curve, respectively.
Choosing coordinates such that the elliptic double point is p := [1 : 0 : 0 : 0], we may assume that polynomials defining the different types of surfaces are of the forms
4 : Since ℂ[x 1 , x 2 , x 3 ] is a unique factorisation domain, it follows that l 23 is a linear combination of l 03 and l 13 .
Note that every term in det(M) has an l i3 l j3 factor. Because l 23 vanishes whenever both l 03 and l 13 vanish, S is singular along the line V(l 03 , l 13 ). This contradicts the generality of S. 
Type S (1) 4
The main result of this section is:
Proposition 7.2. Let S ⊂ ℙ 3 be a general quartic symmetroid with a tacnode p. Then S has six additional rank-2-nodes.
If we can show that S contains a rank-2-node p, then the ramification locus R p splits into cubics R 1 and R 2 by Theorem 2.1. A natural idea is to study pairs of cubics (R 1 , R 2 ) that give rise to elliptic singularities of degree 2, and to count the number of points in R 1 ∩ R 2 . However, deducing the number of rank-2-points of S from R 1 ∩ R 2 requires an extension of Corollary 2.2. Instead we prove Proposition 7.2 by examining webs of quadrics.
Tacnodal surfaces are distinguished from surfaces of types S
4 by the intersection of the reduced tangent cone at the elliptic double point with the surface.
Lemma 7.3. Let S ⊂ ℙ 3 be a general, irreducible quartic symmetroid with a tacnode p. Then the reduced tangent cone of S at p intersects S in two double lines.
Proof. In (7.1), the reduced tangent cone at p is the plane H := V(x 1 ). It is clear from (7.1) that H intersects S in a cone, that is, four concurrent lines, L 1 , L 2 , L 3 and L 4 . When S is a symmetroid, we interpret H as a net N of quadrics, where the discriminant D consists of four pencils P i , corresponding to L i . Let Q be the quadric satisfying [Q] = p.
By Lemma 2.6, each P i is of one of two types. We say that P i is of type I if the quadrics in P i have a common singularity, and that P i is of type II if the quadrics have a common tangent plane.
First, we show that at most one of the pencils is of type I. Suppose that P 1 and P 2 are of type I. If all the rank-2-quadrics in P 1 coincide, then the base locus of P 1 contains a triple line. It follows that the line Sing(Q) is contained in the base locus of P 1 . If the rank-2-quadrics in both P 1 and P 2 coincide, then Sing(Q) is in the base locus of N. Lemma 2.8 implies that D is a square. On the other hand, if P 1 contains at least one rank-2-quadric 3 and L 4 in a point each. It follows that L is contained in S and thus that H is a component in S. This is impossible. Hence P 1 must coincide with one of the other pencils.
Next, we show that at most two of the pencils are of type II. If P 1 is of type II, then one of the planes in Q is the common tangent plane for the quadrics in P 1 . It follows that if three or more of the P i are of type II, then there are two pencils, P 1 and P 2 , having the same common tangent plane H . Choose coordinates such that H is V(y 3 ) and such that H is tangent to the quadrics in P i along the line V(y i , y 3 ), for i = 1, 2. Then the quadrics in P 1 contain no y The discriminant D consists of four lines, but the above paragraphs show that we can have at most three distinct pencils. In order to make sense of this, we consider pencils appearing with higher multiplicity. Consider the case where both P 1 and P 2 are of type II, whereas P 3 and P 4 coincide and are of type I. Let H 1 and H 2 be the common tangent planes of P 1 and P 2 , respectively. The base locus of P 1 consists of a double line l 1 ⊂ H 1 and a conic section C 1 ⊂ H 2 . Similarly, the base locus of P 2 consists of a double line l 2 ⊂ H 2 and a conic section C 2 ⊂ H 1 . Let p ∈ H 1 ∩ H 2 be the common singularity of P 3 . Since P 3 appears twice in D, Lemma 2.4 implies that p is a base point for N. Let p ∈ l 1 ∩ C 2 be an intersection point different from p . Then p is a base point for N. The line L spanned by p and p lies in H 1 , so it is tangent to all quadrics in P 1 . Since the quadrics in P 1 pass through both p and p , they contain L. Moreover, L is in the base locus of P 3 . Thus L is in the base locus of N. Lemma 2.8 states that D is a square.
Finally, if a pencil of type II appears with higher multiplicity in D, then Lemma 2.4 implies that the base locus of N contains the line of singular points. By Lemma 2.8, D is a square.
Lemma 7.4. Let S ⊂ ℙ 3 be a general, irreducible quartic symmetroid with a tacnode p. Then W(S) has two base points.
Proof. By Lemma 7.3, the reduced tangent cone at p intersects S in two double lines. This corresponds to a net N of quadrics, where the discriminant D consists of two double lines, L 1 and L 2 . Because S is generic, the general quadric in each of these pencils has rank 3. Lemma 2.6 states that the quadrics along L i have either a common singular point or the singular points form a line. By Lemma 2.4, L i gives rise to a single base point or a line of base points for N, respectively.
Suppose that L 1 gives rise to a line of base points. Let Q be a rank-3-quadric that corresponds to a point [Q] ∈ L 2 not contained in L 1 . Let q be the singular point of Q, and let q be one of the base points coming from L 1 . Then the line spanned by q and q is contained in Q. It follows that the plane spanned by q and the line of base points is contained in Q. This contradicts the assumption that Q has rank 3. We conclude that the quadrics along each line L i have a common singularity.
Let q i be the common singularity of the quadrics along L i . Then the line L spanned by q 1 and q 2 is contained in the base locus of N. Extend N with a quadric Q ∉ N such that N and Q span the web W(S). Then Q intersects L in two points. Hence W(S) has two base points.
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Proof of Proposition 7.2. Following Lemma 7.4, consider the ℙ 7 of quadrics that pass through the base points p 1 and p 2 . We shall describe the rank-2-locus of this space. It consists of two components, X 1 and X 2 . First, let H 12 be a plane containing both p 1 and p 2 , and let H be any plane in ℙ 3 . The union H 12 ∪ H is a rank-2-quadric passing through the base points. The set X 1 ⊂ ℙ 7 of all such unions is a fourfold of degree 4. Next, let H 1 be a plane containing p 1 , and H 2 a plane containing p 2 . The union H 1 ∪ H 2 is a rank-2-quadric passing through the base points. The set X 2 ⊂ ℙ 7 of all such unions is a fourfold of degree 6.
Let Let A be defined as A with x 23 = x 32 . Then the (3 × 3)-minors of A define X 1 . We deduce that X 1 is the Segre variety Σ 3,1 projected down to ℙ 6 .
We see from A that the base locus of the ℙ 6 spanned by X 1 contains a line. By Lemma 2.7, we may therefore assume that W(S) is not contained in this ℙ 6 . Let W be the plane defined as the intersection of W(S) and the hyperplane spanned by X 1 . The web W(S) is a generic 3-space that is such that W meets Sing(X 1 ) in a point p. The fourfold X 1 is singular precisely at points that correspond to the union of two planes that both contain the base points p 1 and p 2 . Set-theoretically, Sing(X 1 ) is given by
The only minor of M that survives under the relations (7.4) is
Let Q ⊂ ℙ 7 be the quadric defined by this minor. The intersection of Q and the linear space V given by (7.4) is mapped two-to-one onto Sing(X 1 ) under the projection ℙ 7 → ℙ 6 . LetW ⊂ ℙ 7 be the 3-space lying over W .
Since the degree of Σ 3,1 is 4, Bézout's theorem implies thatW meets Σ 3,1 in four points. The intersectioñ W ∩ V is a line L lying over p. The quadric Q intersects L in two points. Therefore,W meets Σ 3,1 in two points outside of V. It follows that W meets X 1 in two points outside of p. Thus the same is true for W(S). An analogous argument for X 2 , considering the Segre variety Σ 2,2 ⊂ ℙ 8 , shows that W(S) generically intersects X 2 in four points outside of p. In total, W(S) contains in general six rank-2-points in addition to p. 2 Remark 7.5. The reader may wonder why we argue in the proof of Proposition 7.2 via Segre varieties, instead of using Bézout's theorem directly on X 1 and X 2 . The reason is that X 1 and X 2 are not normal. Using the description of X 1 as the vanishing of the (3 × 3)-minors of A , we calculate that Sing(X 1 ) is given as in the ℙ 6 spanned by X 1 . Thus Sing(X 1 ) is the whole first-order infinitesimal neighbourhood of the plane V (x 02 , x 03 , x 12 , x 13 ). This has codimension 4, hence its degree is 5. The intersection W ∩ Sing(X 1 ) contains the whole first-order infinitesimal neighbourhood of p in W . This has codimension 2 in W . Hence p appears in W(S) ∩ X 1 with multiplicity 3, not 2.
We can now determine the number of symmetroids with a tacnode: Proposition 7.6. The family of quartic symmetroids in ℙ 3 with a tacnode is 20-dimensional.
Proof. As in the proof of Proposition 7.2, given two base points p 1 and p 2 , a symmetroid with a tacnode corresponds to a ℙ 3 ⊂ ℙ 7 that intersects the plane Sing(X 1 ) ∩ Sing(X 2 ) in a point. It follows from (2.3) that there is a 14-dimensional family of such 3-spaces. A choice of base points p 1 and p 2 corresponds to a point in the 6-dimensional space ℙ 3 × ℙ 3 . Hence the family of quartic symmetroids with a tacnode has in total dimension 14 + 6 = 20. 
Types S (2)
and S (3) 4
Hitherto, we have primarily argued in terms of the associated linear system of quadrics, but now we turn to ramification. We specify a property of the cubics in Theorem 2. Proof. After conjugating with an appropriate matrix, we may assume that the matrix defining S is . Also, r 1 is the (0, 0)-minor and r 2 the (1, 1)-minor of M. The fact that V(r 1 , F 4 ) is a double scheme 2Z can be seen from the identity r 1 r 2 = F 2 3 − 4F 2 F 4 , which shows that F 2 F 4 is a square modulo r 1 . We claim that Z is equal to the scheme Z given by the (3 × 3)-minors of the submatrix F 4 ) . By the symmetry of M, it follows that 2Z ⊆ V(r 1 , F 4 ). Equality follows by considering degrees. Thus Z = Z .
Assume for contradiction that Z is contained in a conic section. Then Z = V(q, g) for a quadratic form q and a cubic form g. The vector space of cubics vanishing on Z is ⟨x 1 q, x 2 q, x 3 q, g⟩. Considering the syzygies between the generators, we construct the Hilbert-Burch matrix
The (3 × 3)-minors of A are identically zero. The matrix A is row equivalent with A , so F 4 = det(M) = 0. This contradicts the assumption that S is irreducible.
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We show that if surfaces of type S
4 or S
4 satisfy the conclusions of Theorem 2.1 and Lemma 7.7 then they degenerate to type S (1) 4 .
Proposition 7.8. Let S be a rational quartic surface of type S (2) 4 . Then S is not a symmetroid.
Proof. We may assume that the equation defining S is as in (7.2). The branch locus R for the projection from the elliptic double point p is then given by
The sextic curve R has a quadruple point at q :
The following observation is used repeatedly throughout the proof: From (7.1) and (7.2), we see that if x 1 divides A 3 , then S has a tacnode at p. This contradicts the assumption that S is of type S (2) 4 . By (7.5) , this is equivalent to V(x 1 ) being a component of R. Assume that x 1 does not divide A 3 .
Assume for contradiction that S is a symmetroid. Lemma 7.1 and Theorem 2.1 imply that R splits into two cubics, R 1 and R 2 . Since R has a quadruple point at q, there are two possibilities: Either both R 1 and R 2 have double points at q, or R 1 has a triple point and R 2 passes only once through q. . Since R 1 ∪ R 2 = R, we have that r 1 r 2 equals (7.5). Equating the coefficients of the x n 3 terms of r 1 r 2 and (7.5) produces the following system of equations:
From (7.6), we get that x 1 is a factor in either C 2 or D 2 . Suppose that x 1 divides C 2 . Inserting this into (7.7), we get that x 1 divides either C 3 or D 2 . Suppose first that x 1 is a factor in C 3 . Then V(x 1 ) is a component of R 1 , so V(x 1 ) is a component of R, which implies that S has a tacnode at p. Now suppose that x 1 is a factor in D 2 .
Inserting this back into (7.6), we find that x 1 divides A 3 . Hence S has a tacnode at p.
Case II: R 1 has a triple point and R 2 has a single point at q.
The equations for R 1 and R 2 can be written as r 1 := C 1 x . We can assume that x 1 is not a factor in D 3 , as that would imply that V(x 1 ) is a component of R. Equating the coefficients of the x n 3 terms of r 1 r 2 and (7.5) produces the following system of equations: Similarly, (7.9) yields that C 2 = x 1 C 1 for some linear form C 1 ∈ ℂ[x 1 , x 2 ]. Substituting for C 2 and D 3 into (7.9) and cancelling x 1 , we get
which is equivalent to
Either A 3 or B 1 − 2C 1 is divisible by x 1 , but we have assumed the former to be incorrect. Therefore, we have
Putting this back into (7.11) and cancelling x 1 , we obtain
Inserting the expression we found for D 3 into (7.10) gives
1 B 4 , which can be transformed to
(7.12)
Because x 1 is not a factor in A 3 , we conclude that A 3 − 4C 3 is divisible by x 1 . Thus
. Putting this into (7.12) and cancelling x 1 , we get
. Substituting for C 2 in (7.13) and cancelling x 1 , we obtain
We have now described the necessary conditions on B 3 and B 4 for R to split into cubics. Using the above expressions for r 1 , r 2 , B 3 and B 4 , we can verify the relations (8x
where
. Hence for i = 1, 2, we have that V(r i , f 4 ) = 2Z i for a scheme Z i that is contained in a conic. This contradicts Lemma 7.7 , showing that S is not a symmetroid. Proof. We may assume that the equation defining S is as in (7.3). The branch locus R for the projection from the elliptic double point p is then given by
The sextic curve R has two consecutive triple points --a triple point with an infinitely near triple point --at the point q := [0 : 0 : 1], with tangent direction x 1 = 0. The tangent direction of R at q corresponds to the double plane which is the tangent cone of S at p.
Assume for contradiction that S is a symmetroid. Lemma 7.1 and Theorem 2.1 imply that R splits into two cubics, R 1 and R 2 . This leaves two possibilities for consecutive triple points. One possibility is that R 2 does not pass through q, and R 1 is a triple line corresponding to the tangent direction at q. The second possibility is that R 1 breaks up into a line L and a conic C, such that L, C and R 2 all have the same tangent direction at q. In either case, the line corresponding to the tangent direction at q is a component in R.
Writing 
Quartic symmetroids with two double intersecting lines
The case of a surface S := V(F) with two double lines, L 1 and L 2 , is an interesting example, so we treat it with special care. Because of the following proposition, we are only interested in L 1 ∩ L 2 ̸ = ⌀: Let H be a plane that does not contain any of the lines in S. Then H intersects each line in S in a point. The hyperplane section C := H ∩ S is a plane quartic curve with two double points. The curve C has genus 1, so S has genus 1. This proves the claim.
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Remark 9.2. For our purposes, we may therefore assume that L 1 := V(x 1 , x 2 ) and L 2 := V(x 1 , x 3 ). Since S is singular along these, the terms in F have either x 2 1 , x 1 x 2 x 3 or x 2 2 x 2 3 as a factor. It follows that F satisfies Equation (7.1) of a tacnodal surface. However, a tacnode is defined as an isolated singularity. We may regard S as a degeneration of tacnodal surfaces. In addition, S is a degeneration of surfaces with one double line and a degeneration of surfaces with a double smooth conic section.
Next, we prove results similar to Theorem 1.1 for the different possible ranks: Proposition 9.3. Let S ⊂ ℙ 3 be a generic, irreducible quartic symmetroid that is singular along two intersecting lines, L 1 and L 2 , of rank-3-points. Then S has two isolated rank-2-nodes.
Proof. By Lemma 2.4 and Lemma 2.7, the quadrics along each line L i have a common singular point. Lemma 2.6 states that the rank-2-locus along each line has length 3.
As noted in Remark 9.2, the equation for S satisfies (7.1). It follows that all the arguments in the proof of Proposition 7.2 hold here as well, showing that the rank-2-locus is of length 6 outside of p := L 1 ∩ L 2 . Moreover, p is counted with multiplicity 2 in each of the rank-2-loci of the pencils defined by the L i . Hence each L i contains only one additional rank-2-point p i .
The proof of Proposition 3.6 shows that p i is counted with multiplicity 2 in the rank-2-locus of S. Thus the rank-2-locus has length 2 outside of L 1 and L 2 , which proves the claim. Choose coordinates such that H 1 := V(x 2 ), H 2 := V(x 3 ), l 1 := V(x 0 , x 3 ) and l 2 := V(x 1 , x 2 ). We can assume that the six base points are The quadrics passing through these base points are parametrised by the matrix Proof. By Proposition 3.3, the rank-2-locus of S has length 6 outside of L 2 . As in the proof of Proposition 3.6, the two rank-2-points in L 1 \ L 2 are counted with multiplicity 2 each in the rank-2-locus. Hence there are two rank-2-points outside of L 1 and L 2 .
In the case of Proposition 9.5, the rank along the lines depends on the matrix representation (1.1):
Example 9.6. The symmetroid S defined by the matrix 
Examples
We end with a few examples, including demonstrations showing that Plücker's surface and the Steiner surface are symmetroids.
Example 10.1. Let S ⊂ ℙ 3 be a quartic symmetroid with a tacnode at the point p := [1 : 0 : 0 : 0]. By Lemma 7.1 we may assume that the matrix defining S is on the form
